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Superharmonic Resonance Analysis of a Grid Stiffened Truncated Conical Shell
Subjected to External Transverse Force
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Abstract

In this research, secondary superharmonic frequency analysis of a truncated conical shell, reinforced with
stringer and ring stiffeners, under external load is presented. The stiffened shell is subjected to the transverse
harmonic external load and the nonlinear governing equations of motion are extracted. Using Donnell-
Mushtari-Vlasov theory and Airy stress function, the governing differential equations of motion, which are a
system of coupled nonlinear partial different equations, are obtained. The nonlinear Galerkin method along
with homotopy perturbation method (HPM) have been applied to solve the equations of motion. A parameter
study is performed to show the effects of the various parameters, such as conic apex angle, thickness of the
shell, number of rings and stringers, on the frequency responses of secondary resonances. Based on the
results, increase of the number of stringers and increase of the shell thickness cause a deviation of frequency
response to the right which indicates an increase in the amount of the rigidity of the structure. Further,
increase of the number of rings leads to the deviation of frequency response to the left which reveals the
reduction in the value of the rigidity of the stiffened shell.

Keywords: Nonlinear Vibration; Secondary Resonance; Truncated Conical Shell; Homotopy Perturbation Method.

FAATVYYYY - - YOA ;S8 QAN OO FYTVYVF 50l ¢ Jotus ooy i
farrash@shahroodut.com :S5g xSl Gy (0]




0 2 S 59 S 0 LS S 03l 1y 00 g8 (A (g e 30 I diasgy Sge ylb Goilo gy Juked | 1YY

@l 9 Sotew (b Ojpon plitlis &S ladiag
WJed 5l @la b 25U g 0,8 anlllas 1) wiS (oo e
S5y o 5 by Jsb bk o, al;
5 QBB 285 oy p dngy (ol Sla S 2
b Capels e oy ol ITF] s
O addllae 3590 50 -y Ghe) bl 2]y e Culies
oSy g e diwgy L, VO] Ll g ulolgen aisls
WS gwyp |y e Cwls b o Sluwes o ,.5
5 Y Sib s diugy gys5 ) wss adlas o Loyl
6500 dlis jo byl .ais,S eolinl Aay.m ol o,
Olod b1 jiie Cualsed b Cajauals (g 5o aiwgy V7]
s gz @byl b g o0 adllas (LS 3,
|y k8 b a5 bog e ol gl gy (sloay¥
3,5 oy hge dwg (omb Sl S )
Wy owyp 4 ety Sl dlis o [YY] Sib
J> g8 a sy dlie ) ey CojenlS (gt
09y 5l Ay OYolxe o 50 (59 00,5 oy gl SYolre
olSaegsy azgi 9)50 o 5l an a8 0,5 eoliul Sl (g e
5 S .85 )8 beaiag glgl wlals )l Jdow jo g0l
Kb 5 reeb SlolS B s sl 5 VAL L
oS gy S eiie Culis b by Pre diwgy slase
slang 4 Jleel LB bl (g, wols &) (gasmaw
OLhSes 5 g sl S (LS g o SHL e
O3 sy 5l Sz (g e aiwgy Judos s YA
5 eleell b g es)S eslimal Ty - S e
Sl 5 (55, 1, ilims (5550 Laulyo g ol gl e
Jlos o VgV ] Slss i8S cuyp o) b
$lasyp5 5 DSC (39, 5l Cujenall (g e wimy
Olgaeds G 23,5 oliinl (b JSB i g oY dtugy
5 Slalgnl slaaing by awg ol sl
slaiug o 0 65 0,5 Julod e |, S0 (S
L¥Y] 5,5 solizul DSC o, 5l i 0, Kleods og 500
1y sbg e gy 65l g ol wlilss )| 55 )5 5 J

* Love’s Thin Shell Theory

’ Finite Element Method

¢ Element-free kp-Ritz Method
" Discrete Singular Convolution

doddio -
Soeal jlojle (L Ladlea Cais 5 2lsa laojle )
L olools o b e ol il o555 (sloolall 35
3 eolazwl Ll 00,8 el b1y oS 59 9 YU Ceeglae
lrojlu alizes lo o o oal Costi SU sloaiwg
Sl S 3 YU caslin 5 oy 35 o 20 L
sladtug dading ole o ol Johite Jlons (5970
Soo ;3 badiug (npop)l8p dex 5l (@8l (g S
sl By 5o o3l S)lge (nl (geled jo 4 ailiee
adllae g, cnl 5lojls 18 (U (el 5 (Sl
el Wlgee ol DLl gwyp 5 e LS,
Skl 5 sl aloz Sl S Olls 5l (6 S5l
Sgd calizs gloojlu o

Slading SLols )l ggdge 95 5 Cosal 4 4z L
odl gy g addllae (ool ol Ranghy bawsi by
gy S by olilyl e [FV] ool
A L) aredge (ab Slge izl el (g e
5 S V] oS ey Shn slodSE e 288
A3 by e (Frgaile diwg (s e (EleS () en
SVl ey a8 )Sl8 5 Gl gl o
@35 ool Luelowsl 5 oDVl pllas [ASA] wio,S aslllas
Sl hoye S beaiag syl LS,
DV V0V o] woges Julows 1) Mmoo sloaa, 5l oads JuSes
2P g e g emRin s slagts, 5l ool
IY VY] Gl @55,5 15 ooliid 50 (6 lons linios
)-“L’ Eon R Y};%fu,if.) Sy & Nh glo) 5 Sl
St sy )l g ke LS, el LSl
9y S a4 by s [N] sy jenels
Kt iz 5 ol sl c$5m Ly 1T laye Sl
s S5 sbaye ds o9 Sl Slilsl 1,
bgye diug olils,l o Kan 5 4l [YY] wos
JUES! G ple (g, 5l ool b 1)yt culies b Sl
gy ol 5l eoliwl L lagT [YY] wisls 8 addllas o490

' Helical Ribs
? Rayleigh-Ritz Method
? Differential Quadrature Method (DQM)

¥ o lod /14 098 /11A] Jlw /o 4Li g Lo jlw Sl



NY | of 100 g 0813 Gow

Yol zlmw! e 0L, gilw o -Y

J> 9y 95 > p S
Lo ol gl d Jsbo dh anlinds b bl o e aiog,
sl b Jsb (slbosisSasis 5 (K, (slooaisS ysis
Sl 485 108 adlas 550 ) SKE j0 ool el lid
03,51 V Jgoz 0 Sy gy iz g gwiin Slasie
L¥v] el ons

e Slaie s 5l aiese gandse 2 sl
Ju Cez o s QT 40 45 ouds oolaiul (s,0,2) " Ll
Sales p dges Cuz ;2 5 base Sy ;0 0 by e
2508 Cgz> ;0 slbul S AW g v w .l gy
Hlo 1) G gy Slasein lod duw g 90 diwgy dilwd
Gl Jsb slooasSeysi slaw a8 Salis ol b it

Ahwgy 6Lb)3w ) Ubg).n.i ‘éutm.w Ja.g‘g) —-\-Y
oSl Yolao gl il g oo Cu gl asl gy
ComlSogh abulemgiiS sye by, L sl
5 ) Lly; Ojpets Glo gl labiol g 155 slaaddse
:[f’ﬁ"ﬁ] .xi‘ad.ﬁé; C‘)'z‘“‘“" A

&
{e0} = 53
€9
( au+1(aW)2 )
i ds 2\0s i
_{160 u wceot(a) 1 OWZ}
-1z xetn, Loy
1sdp s s 2s2\00/ |
| dv v 10u 1dwow |
| 5o <*t<3atsoo5q
0s s sO0QP s ds 09

M

X} 5 She amio slogiss {80} (@52 Ly, 0 o5
oads o8 lalg, ol 0 umes il [blis slalisdl
D=0 sin (a el

* Curvilinear Coordinate System
’ Von Karman

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

aallas 550 2ok s 5 | ooilaals o 5l osliz |
Cbding cwyp 4 Ken 5 cpx ITY] wols 13
Lyls b ppses jlaz o Kleeal 5 0, Slios by 5o
5l og3 o ge,d yo Loy ¥l azls, Syl (65,
23,8 oslaswl 3 ,- iy s goman A Yl sla s,
G Dygoty |y e sl 5o bl wly bag)]
eseS 4598 S Sjpods SN0 Gliul; 55 )0 5 )98
Sy s 2o 5B as 3 ks (S wls b ol en
2 oL 5 (e 09h Jol laebl Jo ) i
Sz g e diagy owp sl [TO] (5,500 dlis
ol po bl .aio S eolaul a8l gy 4568 (5 Ui, )
TS 85 G 9 00,5 drlme 5 by (g, L e
oledl Judow 5 wYlas ;0 99290 gl 5l eolaiwl L 1) 04>
isly lad sgue

95 ean 90 ol (Fako 35 g Cuenl 4 azgi b
8y oy ok 5B 50 osy alds Hlulil ey
SN IR RS CH R AR SO R
lao3lo oyl (g3, o plodl (sla ol ST 4S5 ams oo (sLis
adsl by Sy (owyp 4 S L g oo (s Il o
S dog ST wogdleay Lo5l0 3 g0 o ye Sl o oy
dori b g (hlod slahy) 5l eS g 0092 (g0 ou bl
adlas ol o sshte oy el oud osliiul Lo
L o gy [T gl oty ot i s
sty 5l eolitul b (S, 9 Job lhosuScy i
osbie pay Cwl a8 S 18 axgl 0550 (lilaes
Loodd Cugdi byyre atwg ojle p oSl OYolas
SIS S by ead gl s (g5 5l estind
Ol 2 Gl byl 8t olslael g9
S0 25 B Lk Jlesl S s oile (Swighcss
Lol 285 18 g

! Hamilton’s Principle
? Secondary Resonances
? Donnell Theory



0 (2 ) 9. S 0 S S 03 b MDY 9B A B3 0 I 6 51 Ly Suigo o Ggdle iy Sl | VF

™

~

e

[YA] ooy i (g you0 diuwgy (slod ) S

Base

Lwgy 4O 0l sbol 6&&,.;3 SSols {o} B9 alal, o a5
5 b oo i 40 5 B pizmes el by e
O dle bl diwgy ol 4 bge lwlsy o
@ by (M} j5lies slaazine g (N} g,5 sloasie

A¥a] g o dlone § alal) SSa atwg

Ns h/2 O
{N} =< N, =f {Ue}dz
Nse ~1/2\0s0
Ms h/2 O
M} ={ M, =f {Ue}zdz ()
Mse /2050

b9 atug Jolre jgliiS g 550 laazie Coled jo 4
as ;]aw 9 uJ}‘D ASLQ"J‘MSWQL L\ 0 wsfu ua.él.:
Lulg, & jgods wgd oo ool uled (M o (N} L s e

w‘ o.).ib)f C‘;?:.\..w‘ A

[YV] S dhngy iz g (owiid Slasio —) Jou

i el )y ol
ERA N (M) Cwlses : h

) deg) o, a5
QRYNAR M) S5 oucld ﬁL-;.i;:Rl
SYPTD M) 5,5 oucls gles 1 Ry
R Y M) b, ghie 5,01 by
oeeBY (m)La,&;i)ﬁLb:.‘)l:hr
-[-AAR M) Sy, galols: S
[+2-A (M) Jobo 0aiiS g5 alaio et by
JAYY (M) Job oaisS i glis | 1 Ry

Y Ky, olass

Job sutS ey s Sl

PV porivesl] s e sy i
PPN piasl] LSy oz
ARAARES] JEPSPRERLICHP e

5 | piuclasl slaatug (5,55 elul 5 eomes
S3b slaatog sl S i balg, [F1] Sa 5l

Os
-]
Os6

E v 0 ed +zX,
=——=lv 1 o l €9 + zX,
0 1-0vllel +2Xg

\®)

! Flexural Shell Theory
% Stress-Strain Relations

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Silse



N0 | of 100 g 0813 Gomml

Sy st Gugoml Garzes wwl (X, sleoaS ey ga
SrosisSeoss glp polie Cpes Slo dogall ol
I¥A 5 vv] acsl o Jsbo

9, Qﬂ‘ 3wl ool oolaiul O5ds o Jol 5l oo Cougas
Sl 5 ead Sush (s ats () '5 s55
1FY] Sg o (s ¥ alayl ) SWS 4y 2,5 slog s

2T Sy 1
U= f f {E [Nges + Npeg + Nygegg + M X,
0 S1

+ MgX, + 2M59X59]}5d56®
V)

b e . . Yo, . .
odd Cugli (byye iy (phiz 5l Geiores
" g g i Bl (g,855 lis sl eslinal L (T)
LYV] 00 0 aiiog A alaly & jg0

21w Sy 1 ow
T = f f {— [mg, + mg, + mr](—)z}sdsc(z)
AR at

W)
LYV] aibce A abaly Gillae my gmg cmgp o o a5
( Msp = Psnh
. = PstAst
st by Q)
O
\"r =75

Loy slo JBs 55 0 pr 9 pse Pon GsB abaily jo o5
;E..m“ oS ws}ﬁ 9 (;5“9 oS ws}ﬁ GAMSJ a
hadl g Hle se Hedeen Jol Billas aiius

t1
S| (T+wW—-U)dt=0 )

to
cS o Volee e alal, 5 A 5 ¥ Luly, o il L
w.u‘ o.A.ib)f C‘/.?h.w‘

ON; N  N:—Ny _
ds a0 s
dN. 10N, N,

=0 b422=0

s Tso0 TS
92M, 20M, 20°M,, 10M, 2 dM
0s? s 0s s 0séd s ds s2 99

! Strain Energy
? Kinetic Energy
* Donnell-Mushtari-Vlasov Theory

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

N;
{N} = Ne}
N50
(Ayg + Azp)es + Ayoeg + Az X
=408 + (A1p + A32)E9 + A33Xp
AgoEs
M
{M} = {Me}
M56
A X+ (Agyy + Az)Xg + Az &g
=A5Xs + (A1 + A35)Xg + Azzeg
(Agz + Aze + A37)Xse
)
:Qi o as
A CLI kdz, k =0,1,2
=T o~ z Z, =4yl
A=,
3 VERKHL (3 . 3
Ay = —(1 " _1Z dz,k =0,1,2
2
A —Eth kdz, k =0,1,2
k= @+ 0BT
2
EgAge
Aan =
30 bst
EgAge
Ay = C
31 by st
_ E.A,
32 bT-
E.A,
Ay =—C
33 br T
EgAg
Az, = - (Cszt +Iszt)
st
E.A
Ags = —22(C2+12)
b,
GT' r
A, =
36 bT-
G
Agy = Z] = @)
N4

Jode wip by 9 G Ar Jy dp Gp Er (398 Ly j0
olas (oiom Sl oyl plos o Shp Jode «SSL
Sl amho 5l 0alS Cugl S alolh cahis e
slp O U8 Blhe) ghie ghe (pe 5wy



0 52 S 9. S 0 L S 03l b O g8 (A (g o I 30 12 digy Sge ylb Ggdlo gy Jukd | 115

L2 62F1 36F1 oF 62W+6W
T\ T T\ 907 T ax
e 0%F, +6F1 %w  ow
¢ \oxa0 " 90 )\oxa0 ~ 39
2
w
_ 4 4x —
prhsie FY 0

N,(s1,6) = Nys(s,,6) = 0
My(s1,0) = My(s,,0) =0 \Y)
Gl (guain Col e S e s jaie X oS
Oeized sl 15 AUl s JSOF g ) S
Pl e p ek calpe a0 € calyl
acgorme A Toge S8 g (SlSe ol o pwain
So a5l gpl A5 @bl eoliiul 4 axgi b aies
Slp 5k dolze 5, ol 51 ols 0924 (6,185l doles
003,85 gl V¥ alal, &gty adl g e dg
15Y] el

4 4

bzaF 2(b, + b:)e?*
1€ 6(2)4+ (b, + bs)e

+4(b, + bs)e? -

Fy
9020x2
9*F, 2 O°F
aox T AT G
2 2

F1 2x
F + 2(bs + b, + by)e

F

op?

+4b e?*

ow 9%w 62W ow
6(2) 6x6(2) 9x2 dx

02w 64F1
+s,e* cot(a) >+ b,e?

— a_W)Z +2
a9
0°w d%w
002 0x2

22w\’ 6W62w 6W
Nz == ——s:ie¥cot(a)

0x00 Ox 09% oOx

ow\?

— (¥> =0 Q2D
5l 05,le bs 9 by ¢ by olpo oS
Ay + Az

A3y + AjgAsy + AzoAig + AzpAsz, — A3,

Az
A3y + AjoAsy + AzoAig + AzpAsz, — A3,
1

b = — O
5 A o)

b, =

b, =

? Mode shape

192My Ny cot(a) 0%w
teae T s TNge
10%w 10w
‘%<§aw+zaﬂ
102w 10w
~2Nso <EM‘S—2%>
2
_(msh+mst+mr)(;_t‘:/=0 an

S Yol Jo o9, -Y-Y
"l G @ ) alts oSl 28 > Vslas > sl
bl S5l e b Lbey ol o el o aslitl
Sboalie oW glnle 5 F i @b e g0 s
aw Jols o5 bt slo i Tl ¢ polaie (poy aiile o
&l e oS 4 il o W gL, U ol adse
ool el olulr 5 5 @l e 93 4 sl 5

g o 00ls
Wokly, oS 0l ge hyed (Jygen gpl GRS &
L5V] sl olo
19F 1 0°%F
Ne=5as T o
v OF
o~ 952
190F 1 98%F
Nse =236 ~ 5 ap0s an

ISoay i mb ol b s o oosline a5 ghilen
Lol V) a¥olee olfiws 5l pogo g Jol Yolre «3sd
F=Fe® g5 = 56* slo,aie 1o SeSa 2igd o
99 o0 gl VY akal ) & goa (Sl oS > alobas
0%F, JdF;
<6x2 36—+2F1>s1 3% cot(a)

(64w 0%w  0*w 03w 62w>

907 T 2502 T o T

d*w adw  0%w
20+ C)\ 502022 ~ 2 x002 T 902

L2 62F1+6F1 oF 2%w  ow
¢\ op? 1\ ox2 ~ ox

! Airy Stress Function

¥ o lod /14 098 /11A] Jlw /o 4Li g Lo jlw Sl



NY | of 100 g 0813 Goml

_ Cg — C1,Cs
B 63612 + CZCI3 - C7
[Ff] "oty osison 29, 5 N dibs S sl
aayfy S8 4 VA doles Bg, ol 5o sl oald colazul
9 e 48,5 L5 1o YY
(:,ZTZ +w?u+e[(Q—wH)u+Qud +Q,u’]=0
(v)

A (ARD)

W g 398 g0 0l ).ub oo €€[0,1] 598 alafl, jo a5
et s agarna o B | e S
odds atd S Ll 50 (YY) Slg (6 & g0 4 dlolas sy
[fo] el

U =1uy+ eu; +&%u, + -+ (¥Y)
ool J13 sae bl g VY doles jo VY doles (5 0SS L
Wby Gl e & Bl lagles b Sdlex o

0%u,

g% FTa w?uy =0 v
0%uy

et FTe + w?u, + (Qy — wHu,
+Qiui + Qu3 =0 (Y0)

el Y8 alaf) &gt YF doles San gl
Uy = A cos(wt) (¥#?)
b L)l an o asls A 3g8 akal, o oS
] dc gozxe

plxl 5 YO dolee jo V7 b, )0 L S
g oo anig YV alad) (ool e

3
Qo — w* + ZQ1A2

0%uy

+ w?u, + Acos(wt)
at? 5 .

+§Q2A
+( + > AZ)A3 (Bwt)
—_ R — <
Q1 +7 042 ) - cos3w
AS
+ 0;6 cos(5wt) =0 ¥Y)

ol 5 g b b Wl 3 VS ales Gis L
5 YA Ly, Sjgony @l by diwg b b

ol ool Cawsay YA

! Homotopy Perturbation Method (HPM)
? Secular Term

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

eSS &gty aiis (650 Lyl a5 ol S5 a4 a3y

1wl 0ol
u(s;,0) = u(s,,0)=0

w(sy, 0) =w(s,,0)=0 )
Gly el o ((OF al) oS> dole J> sl
03 o> laigfay VY odhl, glhe clbd ol

Ira] ws Lol 1) alias cwiin (550 sl 1 45 095 oo

w = f(t)e*[si1(Byx) si1(B, D) + ¢ si*(Byx)]

av)
sbml ey Py Gley 5l Jseme b F(E) ol 0 o5
bt bl sl s s claiiond o bl

s n mm .

Xg = ln(i) cB= () f1 = PRl il oo
sl Glagge ojled 1oy (Jsb (lages ojled m oS
OF alal) 65500 aolas ;5 VY abal, 6 il b o
[¥] ogige et F1 (25 26 gl ogas loz S
Bllae S JE By, 5 ogbse &I T dolee ()]

X9 r2msin(a)
f f M e*siiByx)siiB,p) dpdx =0

X9 r2msin(a)
f f He*si?(Bx) dpdx =0
o Yo

M)

vy @ Lo . e 24 9 L.
O..&;)jas)o l.: Oemod 9 (999 djag]ﬁ) )‘ FTE [E:RT g l.:
- : C g SO
O ygody alis > WSL> ‘SE}).J: aJoles ‘u(t) -

il 00y 5 2l sl V4 galad,

0%u
=5 T Qou+ QW +Qu* =0 0
ot
Yo bly, Shgoa Qn 5 Q1 Qp wulyo G598 aafl, o
Gy
Qo C_l
C;  Cs
= — 4+ —
Q1 o te
C
=224 Y.
Q; C, )



0 52 S 9. S 0 S S 03l b O g LA (g o I 36 I diasgy Sage sl Goilo gy Jukod | 11A

—-=Do+eDy+ 1
d2 2 2 2
73 = D§ +2eDyDy + £2(D} + 2DDy) + -+
%)
0uy0,8 zlmenl YV ahal, &jgody FF dolas sog0e J>
Ies] ol
uy = A(T,)e™oT0 + pe'fo 4+ ¢.C xv)
alaly ol ) a8
1
A =§aexp(i 3] YA
T, = et )
P =-fi(w}— 03 (f)

Moz T hlie zgoje Sk Y akl, o C.C Ojle
a s\ﬂA 4]0.:‘) )O w.am.m ‘w‘ 65L.M5 CA.AAJ‘) Couns o.AJLo.JLJ
LF7] asbo loy e > s B

" Suigoylo Godlo uiligy (omy e ~Y-Y-Y
d) G5 uilS 3 7] Sigejla Ggdle uiliy, cdl> 5o
b o] o byl a5 cosl @y s uilS 3 g Sy
ools i F) alal) & jsods 0 T pelass el 5l ooli
el 00
30 =w, +e0 (fH
ot 3 YO TV alaly () BSl b g ¥ alal) 5l oozl L
Seige)ls @sile ilisy) o GYsSw lapy B>
ol 0030 5l el Y sdloles

2iwgA’ + 6Q,AP? + 3Q,A?A + Q,P3e"Tr =0
(t")
T 5 Glj Ghie oi 4 A g A g abal) o oS
Y adal) 50 YA dlal) (6 IS L ocen 4 il Lz
OR5 E 0by (seerse g (i Caend 90 (035 oz
5 FY S¥oles «Jol> ab, 51 Ty GBis 5 o = oT; -

el says 5 gl Sl B

? Complex Conjugate
* Superharmonic Resonance
4 Detuning Parameter

3 5
wy, = (Qo + ZQ1A2 + §QZA4)0'5 A
wp = (Q)** AR

a9l wiligy) g 5Hlal Clole,)l-Y-¥

3L LSl asy - V- Y=Y

PT Yo R QG CIRURIPP S FES K A P Rt
BTl S pon (Cabis Coz ) | (il Sige ln
SOWPREVER T

F = f’ sin(B;x) sin(B,0) cos(Qt) )
o8 g S aals oaims ol f1 398 aka) o
Y dolas 5 (s, 58 3 L Sy
g o Al abal, ¥V O 50

IT = f'sin(B;x) sin(B,0) cos(Qt) ¥'V)
0 gx Jolis slacle (VA Lalg)) (05,18 (35, Jlesl L
Syg0a 1 ahal, (Keal S0 g ouls Bd> VY ol

2l oo Cawdas YY alayl,
2u
T + Qou + Qud + Q,u® = f; cos(Qt)
¥Y)
oS I8 S S0l ol 5 el Jaie fi o] 4o oS
355 alaly (dnygip (25en b, 5l eolaiul sl
Dgd oo alel VY alal) &0
2%

= tQou +eQud +e2Q,u® = fcos(t)

)

OO LB She plp b iaydin 29see gy bl 2

Lulg; (398 okl o & iz slaglg b DMz o

el 00 2l l YO 5 VE

€% D&+ wiuy = f; cos(QT,) )
el: Du; + wiu; = —2DyDyuy — Qud

(Y0)

(el To =t 5 s a3 (53 W 355 Lails, )0 &S

Gt a5 Zunl Gloj Az slayial,ly Dy g Do (i

19T g o iy 5 sl 4 o S

1 .
Transverse Harmonic Force

¥ o lod /14 098 /11A] Jlw /o 4Li g Lo jlw Sl



N4 | o515 g 0815 el

o) o m g m=1 x (Jsb s Hdgl sl
Sl [¥V] &= o 50 0ad A5

owilgyy Sly il Fwly aloleo ,logei —Y-Y

U (o) 1 (A A (gl Sige, b 398Lo
gy des Sl (dlS 3 oy Hlogas (OY) abyl) 4y 4z g L
T3 oot g M=1 Jsb oo dol sl 4 ¥ g ¥ )
M)‘YIJKMJ)OFZIQLMSJ)‘Mﬁn=6 ;Iaw

el 058 ,8

8000
Present Study
7000 Analytical
O Experimental [37]
6000
5000 -
N
T 4000 - o
~
3
3000 -
2000 -
1000 [
0 . . . . . . . . ,
0 1 2 3 4 5 6 7 8 9
n
LY o)l.mwwyshksuﬁb ol 8 dslio - Y o
Sergo gl
6
51
4l
© 3
oL
WL —Shell No.1
—Shell No.2
Shell No.3

0 . . . )
02 -01 0 0.1 02 03 04 05 06 07 08

ag
Gl & caiwgy dw (gl (w5 )8 Fwly Hlog05 -V IS
Gglase Job (gronios oy gli slusy

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

P3
a =— ] (siiy)) ()
Wy
. 3Q,P? 3Q, , QP°
ay'! =ac ————a—=—a% — cos(y)
Wy 8wy Wy
(%)

Ol 5 o5 el i sl Sl Ll (38,5 o b
S FY Ly, 515 5 FO Luly, il oy’ =0 5a =0
Mg oo axes FY

siiy) =0 (t0)

30,:P>  3Q; , QP°
ac———a——-——a =

Wy 8w, Wy
Ol goz 5 (398 abal) olas g0 aile; 99 olg5 4 5l
bl 5l b Glee 4 @ (iS5 muly dlolee K0S L
Sigesle Bl ey, b o fi Hlade 9 0 i

ol ool Cowsds FY abayly &y g0a

cos(y) (%)

30,P2 3@, Q.°P°

et i S

0 0 0
03,8 sl FA abal, &jgods 0 (§ed ablal, > L
w‘

30,P2 3 Zpe
0'12 = Ql +—&a2 i (%)1/2 (fA)

’ Wy 8wy wo“a

43,8 ey Guiss ol o a5 Jils (6,05 (bl aoles o
b b Gl as il el LuilS 8l o
@ Sge)le 3g8le wiligy) ;0 (S8 Euly dlsles 5

3 5
wy, = (Qo + ZQ1A2 + §QZA4)0'5 (ARY
wp = (Q)** @)
30:P? 3Q, ,  Q°P°
= ——a? + (——)Y? @Y)
%12 N + 8 w, @ x (wozaz)
-y
W)Lu.d -\-Y

L oyled dtwg odel Cowsa =l 3l glsebl sl y
g ol 0ol a8 5 Jlai o0 ) Jeux ;0 oad z,0 Slasin
5 ks U5 b 585 (ol 55 0 ol a9
o) D)L.o..:: Lwgs 6‘)3 ‘[\"V] &0 50 990 szlim;l.aj
@ b b SOl el oy I anlie VS o



0 52 S 59 S 0 L S 03l b 0D g5 (A0 B o I 3 I diagy Seige ylb Gedlo gy S | 1Y

olaws jiulidl S jo iS5 3l loges 3ub
Slyoul e Jrals el ang (Ko, sloosuS ey oa
PGV PRI GV PG VEPWE L S R W FREE SOY
olasd sl 4y apasd eagay a5 CiS il oo 00 Loy
5SS Sy S o i oK oS s
SwoaiuS oy olawi wldl b uires s g0 7
Soledy el adl el ojle Swisice (Ko,
sosuSagd olaws il b oS i8S lg e N0
o L8, Sl 4y g 0dd Sip S g LS8, (S,
I

gy Caolbed i il oy —Y-Y-F
Gk JPged ey Cwlre i Wb wyn Gl
W8S B swip s Vo PO SO slaloged & jpon
YV g 7 b8 JSKo sloybess o a5 jebilen
4 gove Bll cel culs Gl woed o cdnlive
Walbrs Goli8l b o leds sl 0000 5 C Cos
Sglee FS)n At mhl Ll S e Ful anls
oA W ‘;www u‘)&ﬁ u..bls g0 J,al U" as

6
51
4l
® 3
ol

h

2h

1r 3h

4h

5h

0 . n . . . . I . . .
02 -015 -01 -005 0O 005 01 015 02 025 03
g

cilisio gacwbius I3l 41 milS 13 Gwly Hloged —8 JSi
\m% ‘5|).3

oy Con 4y gz Blyzl 0 s A Hloges o

S NsD 0 ez S a4y Sl 5 s (SisiSe
Gl 1ogas s 9y ol 5 [YF] R o Hlas 1) s
by dug o Bad o Glas ¥ S 0 ol
Loisd St il s Ko g0ty 0l Cuss
CloaiScosts slass ol ues ] 00,5 Jes
& odlS s it Bl lin ol el oo
L et 5 00,5 g (SWsdlS § Canl) Coons
033,85 jgido ojluw o Jsb (glaoaiiS iy g o yiuljel

0 dwgy g alide by yolyb W50 Ry -Y-Y
Saigaslo Gailo b
Toe ool g M =1 Job oo gl logas (oales 5o

] 00

) SBowaS cy g olasy il oawy V- T-Y
Gl 4 ¥ aing lp (o8 ol Hloged FUSD o
slaxi g ¥ ply g ol Job slecsScusss slows
sor e P9V pln g pie (S, sbhoaiS iyl

el 428,518

——Shell No.2: 0 ring
—Shell No.2: 3 ring
Shell No.2: 6 ring

02 -01 0 0.1 02 03 04 05 06 07 08
a

Y o ol dwgy Gl @ (ol 8wl Hloges —F S
Waldie Koy sronics 'y ol slaxi (ol

! Hardening-Type

¥ o lod /14 098 /11A] Jlw /o 4Li g Lo jlw Sl



WY | o515 g 0813 el

5 -
4 -
® 3
2 -
R2/R1=1.5
R2/R1=2
1- R2/R1=2.5
R2/R1=3
R2/R1=3.5
0L | I 1 I | I I
-0.4 0.3 0.2 -0.1 0 0.1 02 0.3

o
. Ry e iz - . .
wyldo ‘_ngR—l Gl & (omwilS y8 Fwly Hloges —A JSCo
) aiwey sl

5 -
4-
© 3
2L
R2/R1=15
R2/R1=2
1 - R2/R1=2.5
R2/R1=3
R2/R1=3.5
o ‘ : ; ‘ ‘ ‘
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3
o
. Ry ez - . .
wyldko ‘SLDR—I Gl 4 (milS 58 el Hloges -1 &
Y aiwe sy
5L
al
T 3
2L
R2/R1=15
R2/R1=2
R2/R1=2.5
1 R2/R1=3
R2/R1=3.5
o ‘ : ; ‘ : ‘ ‘
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3
o
. R e 4 s . .
wyldo ‘SLQR—I Sl 4 (w8 48 el Hloged -V IS
Y Alwgd ‘5|).3

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

0 n . : . . . . . . "
-02 -015 -01 005 0 005 01 015 02 025 03
a

Al slacwlbs gl a4 wilS ) awly Hlogei —F S5
Y aiwe iy

___

0 " . 1 . n . . .
-02 -015 -01 -005 0 005 01 015 02 025 03

o
Al slacwlbns Gl 4 wilS 8wl Hlogei - S
Y awg slp

4 Sy goael Coms ki il pwyp -F-Y-Y

gy SzrgS
gy SgS 5y 0068 S i 3 o p sl
sla % Sl & gy 4w 2 Gln (58 Ely jloges
A e s Vg VA Glalbsas ©)jgoa (glite
Voos 0 A USE glabgns y0 oS jsbilen el 425,8
SooS a4 S, oacld cod (ili8l w0ad o canlie

Olyee 3 0asld g0 ol BMS] a5 in Lol sl 00y0,5

;.é‘/a:.'»‘ S Ceow A Souin Sl 00 VRV V)



0 F 2 S 59 S 20 S S 03l b oI 9B LA (B o I 3 I Ly Suigo )b Ggdlo uilgy S | 1YY

conical shells formed by geodesically spiral and
circumferential ribs. Int J Appl Mech 9(04):
1750047.

Sofiyev AH (2012) The non-linear vibration of
FGM truncated conical shells. Compos Struct
94(7): 2237-2245.

[8] Duc ND, Seung-Eock K, Khoa ND, Chan DQ
(2020) Nonlinear buckling and post-buckling
analysis of shear deformable stiffened truncated
conical sandwich shells with functionally graded
face sheets and a functionally graded porous core. J
Sandw Struct Mater 099636220906821.

[9] Duc ND, Seung-Eock K, Chan DQ (2018) Thermal
buckling analysis of FGM sandwich truncated
conical shells reinforced by FGM stiffeners resting
on elastic foundations using FSDT. J Therm
Stresses 41(3): 331-365.

[10] Nezamoleslami R, Khadem SE (2017)
Investigation of the vibration of lattice composite
conical shells formed by geodesic helical ribs.
Steel Compos Struct 24(2): 249-264.

[11] Nezamoleslami R, Khadem SE (2017) Analysis of
linear vibrational behavior of anisogrid lattice
composite conical shells, formed by helical ribs.
Mod Mech Eng 17(3): 251-262. (in Persian)

[12] Mamaghani AE, Khadem SE, Bab S (2016)
Vibration control of a pipe conveying fluid under
external periodic excitation using a nonlinear
energy sink. Nonlinear Dyn 86(3): 1761-1795.

[13] Mamaghani AE, Khadem SE, Bab S, Pourkiace
SM (2018) Irreversible passive energy transfer of
an immersed beam subjected to a sinusoidal flow
via local nonlinear attachment. Int J Mech Sci 138:
427-447.

[14] Hosseini R, Hamedi M, Ebrahimi-Mamaghani A,
Kim HC, Kim J, Dayou J (2017) Parameter
identification of partially covered piezoelectric
cantilever power scavenger based on the coupled
distributed parameter solution. Int J Smart Nano
Mater 8(2-3): 110-124.

[15] Ebrahimi-Mamaghani A, Sotudeh Gharebagh R,
Zarghami R, Mostoufi N (2019) Dynamics of two-
phase flow in vertical pipes. J Fluid Struct 87:150-
73.

[16] Ebrahimi-Mamaghani A, Mirtalebi SH, Ahmadian
MT (2020) Magneto-mechanical stability of axially
functionally graded supported nanotubes. Mater
Res Express 6(12): 1250c5.

[17] Sarparast H, Ebrahimi-Mamaghani A. Vibrations
of laminated deep curved beams under moving
loads. Compos Struct 226: 111262.

[18] Mirtalebi SH, Ebrahimi-Mamaghani A, Ahmadian
MT (2019) Vibration control and manufacturing of
intelligibly designed axially functionally graded

—
3
—

oS e S Glgoe ;N0 Oleay Ll 005 oy
D yidin Vooae 3l awgy SeS 5l Sy eaeld LS
Ay el al el [YP] hp oemss Jlexs

Do oo (s 03 5l Saigd e L8 ) e

&35 aoii -F
Cosil (A8l by e atwgy gl Gulis)) Eedos cnl
Jebos @l 285 )15 ) p 990 «Sitie o3l b ond
olasy yioli8l eSde ojlw yo a5 cwl ol 51 S
cel @ing culbis bl 5 Jsb slbearSysis
a5 ool Cewly G 4y i8S 8 Al Jloges yiion Bl youl
Saws Gl bl s g i cedo Sl
Gl Hloges iy GBlyal el (K, sbbonuS eyl
oels by a5 cwl 00y G Ceon 4 il

R . s o
W 4 patie lade g Gl cely patin lie
00 el y Ceonody ouilS 3 Fenly log05 Bl youl yralS el

s a gl g e (Ssbcse s> b oas el

el o0l Hlas 1) gl (Sagde

&=l -0

[1] Sofiyev AH, Osmancelebioglu E (2017) The free

vibration of sandwich truncated conical shells

containing functionally graded layers within the

shear deformation theory. Compos B Eng 120:197-
211.

[2] Sofiyev AH (2015) On the vibration and stability of
shear deformable FGM truncated conical shells
subjected to an axial load. Compos B Eng 80: 53-
62.

[3] Sofiyev AH, Schnack E (2012) The vibration
analysis of FGM truncated conical shells resting on
two-parameter elastic foundations. Mech Adv
Mater Struc 19(4): 241-249.

[4] Anh VT, Duc ND (2019) Vibration and nonlinear
dynamic response of eccentrically stiffened
functionally graded composite truncated conical
shells surrounded by an elastic medium in thermal
environments. ACTA Mech 230(1): 157-178.

[5] Nguyen PD, Quang VD, Anh VT, Duc ND (2019)
Nonlinear vibration of carbon nanotube reinforced
composite truncated conical shells in thermal
environment. Int J Struct Stab Dy 19(12): 1950158.

[6] Khadem SE, Nezamoleslami R (2017) Investigation
of the free vibrations of composite anisogrid lattice

¥ o lod /14 098 /11A] Jlw /o 4Li g Lo jlw Sl



WY | o515 g 0815 el

singular convolution based on the shear
deformation theory. Compos B Eng 45(1):1001-
1009.

[32] Civalek O (2007) Linear vibration analysis of
isotropic conical shells by discrete singular
convolution (DSC). Struct Eng Mech 25(1): 127-
130.

[33] Li FM, Kishimoto K, Huang WH (2009) The
calculations of natural frequencies and forced
vibration responses of conical shell using the
Rayleigh—Ritz method. Mech Res Commun 36(5):
595-602.

[34]Jin G, Su Z, Ye T, Jia X (2014) Three-dimensional
vibration analysis of isotropic and orthotropic
conical shells with elastic boundary restraints. Int J
Mech Sci 89: 207-221.

[35] Jin G, Ma X, Shi S, Ye T, Liu Z (2014) A
modified Fourier series solution for vibration
analysis of truncated conical shells with general
boundary conditions. Appl Acoust 85: 82-96.

[36] Nayfeh AH, Mook DT (1979) Nonlinear
Oscillations. John Wiley & Sons, New York.

[37] Crenwelge OE, Muster D (1969) Free vibration of
ring and stringer stiffened conical shells. J Acoust
Soc Am 49: 176-185.

[38] Mecitoglu Z (1996) Vibration characteristics of a
stiffened conical shell. J Sound Vib 197: 191-206.

[39] Sofiyev AH (2011) Non-linear buckling behavior
of FGM truncated conical shells subjected to axial
load. Int J Non Lin Mech 46: 711-719.

[40] Agamirov VL (1990) Dynamic problems of
nonlinear shells theory. Nauka, Moscow. (in
Russian)

[41] Zhang GQ (1989) Derivation of the governing
equations of anisotropic conical shells. Delft
University of Technology, Faculty of Aerospace
Engineering, Report LR-609, Delft.

[42] Jones RM (1999) Mechanics of Composite
Materials. 2nd edn. Taylor & Francis, Philadelphia.

[43] Subhi Qatu M (2004) Vibration of laminated
shells and plates. Elsevier Inc., San Diego.

[44] Liao SJ, Chwang AT (1998) Application of
homotopy  analysis method in nonlinear
oscillations. ASME J Appl Mech 65: 914-922.

[45] He JH (1999) Homotopy perturbation technique.
Comput Methods Apple Mech Eng 178: 257-262.

[46] Nayfeh AH (1973) Perturbation methods. Wiley,
New York.

¥ o lods /1% 098 /11A] Jlw /o 4Li g Lo jlw Sl

cantilevered macro/micro-tubes. IFAC-

PapersOnLine 52(10): 382-7.

[19] Ebrahimi-Mamaghani A, Sotudeh-Gharebagh R,
Zarghami R, Mostoufi N (2020) Thermo-
mechanical stability of axially graded Rayleigh
pipes. Mech Based Des Struc 5:1-30.

[20] Ansaryan Y, Jafari A (2017) Investigation of free
and forced vibration of a composite circular
cylindrical shell with internal fluid. Journal of
Solid and Fluid Mechanics 7(2): 93-100. (in
Persian)

[21] Ehsani A, Rezaeepazhand J (2015) Effect of grid
configuration on buckling and vibration response of
composite grid plates. Journal of Solid and Fluid
Mechanics 5(3): 93-100. (in Persian)

[22] Hemmati R, Talebitooti M (2019) Effects of
boundary conditions, cone angle and core material
on free vibration of the joined sandwich conical-
conical shell. Journal of Solid and Fluid Mechanics
9(4): 167-180. (in Persian)

[23] Irie T, Yamada G, Kaneko Y (1982) Free vibration
of a conical shell with wvariable thickness.
J Sound Vib 82(1): 83-94.

[24] Sankaranarayanan N, Chandrasekaran K,
Ramaiyan G (1988) Free vibrations of laminated
conical shells of variable thickness. J Sound Vib
123(2): 357-371.

[25] Sivadas KR, Ganesan N (1990) Free vibration of
cantilever conical shells with variable thickness.
Comput Struct 36(3): 559-566.

[26] Sivadas KR, Ganesan N (1991) Vibration analysis
of laminated conical shells with variable thickness.
J Sound Vib 148(3): 477-491.

[27] Tong L (1993) Free vibration of composite
laminated conical shells. Int J Mech Sci 35(1): 47-
61.

[28] Kang JH, Leissa AW (1999) Three-dimensional
vibrations of hollow cones and cylinders with
linear thickness variations. J Acoust Soc Am
106(2): 74855.

[29] Liew KM, Ng TY, Zhao X (2005) Free vibration
analysis of conical shells via the element-free kp-
Ritz method. J Sound Vib 281(3-5): 627-645.

[30] Civalek O (2007) Numerical analysis of free
vibrations of laminated composite conical and
cylindrical shells: Discrete singular convolution
(DSC) approach. J Comput Appl Math 205: 251-
271.

[31] Civalek O (2013) Vibration analysis of laminated
composite conical shells by the method of discrete



