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Abstract 
This paper simulates workpiece vibrations in the orthogonal cutting process, from the initial engagement of the tool and 

workpiece to conduct an in-depth investigation of chatter onset using an energy-based approach. For this purpose, the 

orthogonal cutting process of a disk is divided into two distinct stages: the first revolution of the workpiece and the 

subsequent revolutions. The governing vibration equations for each stage are derived separately. The first-stage equation 

is solved analytically, while the second-stage equation is solved using the semi-discretization method. Additionally, 

formulations for calculating the power and energy transmitted by the cutting force and dissipated due to system damping 

are presented. Through simulations, a comprehensive analysis of the system's vibrational behavior during the initial 

revolutions of the workpiece is conducted. The findings indicate that the system behavior during the first three revolutions, 

regardless of cutting width, is determined by the transient response in the first revolution caused by the tool feed. 

Furthermore, the results show that in the stable condition, the total power is zero; in the critically stable condition, it 

oscillates with a constant amplitude and a zero average value; and in the unstable condition, it oscillates with an increasing 

amplitude and a zero average value. 
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1.  Introduction 

The occurrence of vibrations in machining processes is 

inevitable, as the flexibility of one or more 

components—such as the machine tool, cutting tool, 

and workpiece—combined with time-varying forces, 

creates mechanical conditions conducive to vibrations, 

even if their amplitude is small. These vibrations not 

only reduce dimensional accuracy, surface quality, and 

process efficiency but also accelerate tool wear, shorten 

tool life, cause damage to machine components, and 

increase maintenance costs [1,2]. In machining 

processes, three types of vibrations can occur: free, 

forced, and chatter. Among them, chatter is a form of 

self-excited vibration caused by the internal feedback 

mechanisms of the cutting process itself, without any 

external source of excitation. 

Wave regeneration, friction, and mode coupling are 

the three primary mechanisms responsible for chatter 

vibration and instability in machining processes [3]. 

Among these, wave regeneration is considered the most 

significant contributor to vibration-induced instability. 

In this mechanism, surface undulations left on the 

workpiece from previous tool passes overlap with those 

generated in subsequent passes. This overlap amplifies 

the dynamic chip thickness and cutting forces, 

ultimately leading to instability in the machining 

process [4]. 

Orthogonal cutting, as a simplified and two-

dimensional model of the chip formation process, is 

suitable for investigating various phenomena in 

machining processes, including chatter vibration. 

Several studies have been conducted to explore 

vibrations in this process. A review of previous 

research shows that their main focus has been either on 

identifying the stability state of the process under 

different machining parameters or on numerically 

solving the equations governing system vibrations, 

while typically ignoring the system behavior during the 

first revolution of the workpiece. In other words, 

modeling the process from the initial engagement 

between the tool and the workpiece until the system 

reaches a stable or unstable state has not been addressed 

by dividing the cutting process into a turning stage on a 

smooth surface and a turning stage on a previously 

machined surface. Moreover, the variations in power 

and energy transmitted to the system by the cutting 

force, as well as the energy dissipated through system 

damping, have not been analyzed with the aim of 

describing the physical behavior of the system under 

different stability conditions. In this paper, the 
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orthogonal cutting process of a disk is modeled starting 

from the moment the tool begins to engage the 

workpiece. By deriving and solving the governing 

vibration equations, the time response of the system 

during the first and subsequent revolutions of the 

workpiece is calculated, and the vibration behavior 

during the initial revolutions is analyzed in depth. 

Additionally, the changes in system power and energy 

under different stability conditions are investigated and 

interpreted. The results are validated by comparison 

with examples available in the literature. 

 

2. Modeling 
2.1. Vibration Modeling of the Orthogonal Cutting 

Process 

Figure 1 shows a schematic representation of the 

dynamics of the orthogonal cutting process. A disk with 

thickness 𝑎 is being cut by a cutting tool that spans its 

entire width. The vibrational displacement of the 

workpiece is denoted by 𝑥, while the equivalent 

flexibility and damping of the system in the direction of 

tool feed are modeled using a spring with stiffness 𝑘𝑥 

and a damper with damping coefficient 𝑐𝑥, respectively. 

 

 
Figure 1. 1-DOF vibration model showing the 

forces acting on the workpiece and illustrating the 

wave regeneration mechanism 

 

If there is no vibration in the system, in other words, 

if a chip of constant thickness ℎ0 is removed from the 

workpiece by the tool, the force acting on the workpiece 

in the direction of tool feed can be expressed using the 

mechanistic model as follows [5]: 

 

(1) 𝐹𝑓 = 𝐾𝑓𝑎ℎ0 

 

where 𝐾𝑓 in (1) is the cutting coefficient of the 

workpiece material in the feed direction. Due to the 

system flexibility, when the tool and workpiece begin 

to engage, vibrations of the workpiece in the feed 

direction lead to variations in the chip thickness. During 

the first revolution, when the tool is removing material 

from a smooth surface, the dynamic chip thickness is 

calculated as follows: 

 

(2) ℎ(𝑡) = 𝑓(𝑡) − 𝑥(𝑡) 
 

where 𝑓(𝑡) represents the tool feed, and 𝑥(𝑡) denotes the 

workpiece vibration in the feed direction. It is important 

to note that during the first revolution of the workpiece, 

the tool feed increases from zero at the moment of 

engagement to ℎ0 by the end of the revolution. Under 

these conditions, the feed force and the governing 

equation for workpiece vibration can be expressed as 

follows: 

 

(3) 𝐹𝑓(𝑡) = 𝐾𝑓𝑎ℎ(𝑡) = 𝐾𝑓𝑎(𝑓(𝑡) − 𝑥(𝑡)) 

(4) 𝑚𝑥𝑥̈ + 𝑐𝑥𝑥̇ + 𝑘𝑥𝑥 = 𝐾𝑓𝑎(𝑓(𝑡) − 𝑥(𝑡)) 

(5) 𝑓(𝑡) =
ℎ0

𝑇
𝑡,   (0 ≤ 𝑡 ≤ 𝑇) 

 

where 𝑚𝑥, 𝑐𝑥, and 𝑘𝑥 represent the mass, equivalent 

damping, and equivalent stiffness of the workpiece in 

the feed direction, respectively. In (5), 𝑇 denotes the 

spindle revolution period, which is calculated by 𝑇 =
 60 / 𝛺ₛ, where 𝛺ₛ is the spindle revolution speed in 

revolutions per minute (RPM). 

In the second and subsequent revolutions of the 

workpiece, chip removal occurs from a wavy surface. 

As a result, the dynamic chip thickness and the 

governing equation for workpiece vibrations are 

expressed as follows [5]: 

 

(6) ℎ(𝑡) = ℎ0 − [𝑥(𝑡) − 𝑥(𝑡 − 𝑇)] 

(7) 
𝑚𝑥𝑥̈ + 𝑐𝑥𝑥̇ + 𝑘𝑥𝑥 = 𝐾𝑓𝑎ℎ0 

                                       −𝐾𝑓𝑎[𝑥(𝑡) − 𝑥(𝑡 − 𝑇)] 

 

where 𝑥(𝑡  −  𝑇) represents the vibration of the 

workpiece in the previous workpiece revolution. It is 

evident that, in order to determine the time response of 

the system during the second and subsequent 

revolutions, the time response of the system during the 

first revolution of the workpiece must be known. 

 

2.2. Solving the Governing Equation of Workpiece 

Vibrations During the First Revolution 

By combining (4) and (5), the equation governing the 

vibrations of the workpiece during the first revolution 

is rewritten as follows: 

 

(8) 

𝑚𝑥𝑥̈ + 𝑐𝑥𝑥̇ + (𝑘𝑥 + 𝐾𝑓𝑎)𝑥 = 

                                     
𝐾𝑓𝑎ℎ0

𝑇
𝑡,   (0 ≤ 𝑡 ≤ 𝑇) 

 

The general solution of the differential equation (8) 

consists of a homogeneous (transient) part and a 

particular part. By applying zero initial conditions, i.e., 

𝑥(0) = 𝑥̇(0) = 0, the solution is obtained as follows: 

 

(9) 

𝑥(𝑡) = 𝑥ℎ(𝑡) + 𝑥𝑝(𝑡) 

𝑥ℎ(𝑡) = 𝑒−𝜉𝛺𝑛𝑡[𝐴𝑐𝑜𝑠(𝛺𝑑𝑡) + 𝐵𝑠𝑖𝑛(𝛺𝑑𝑡)], 
𝑥𝑝(𝑡) = 𝐶𝑡 + 𝐷, 

𝛺𝑛 = √
𝑘𝑥 + 𝐾𝑓𝑎

𝑚𝑥
, 𝜉 =

𝑐𝑥

2𝑚𝑥𝛺𝑛
, 

𝛺𝑑 = 𝛺𝑛√1 − 𝜉2, 𝐶 =
𝐾𝑓𝑎ℎ0

𝑇(𝑘𝑥 + 𝐾𝑓𝑎)
, 
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𝐷 = −
𝑐𝑥𝐾𝑓𝑎ℎ0

𝑇(𝑘𝑥 + 𝐾𝑓𝑎)
2  ,   𝐴 = −𝐷, 

𝐵 = −
𝐶 + 𝜉𝛺𝑛𝐷

𝛺𝑑
 

where 𝛺𝑛 is the natural frequency of the system, 𝜉 is 

the damping ratio, and 𝛺𝑑 is the damped natural 

frequency. 

 

2.3. Solving the Governing Equation of Workpiece 

Vibrations in Subsequent Revolutions 

In the second and subsequent revolutions of the 

workpiece (i.e., 𝑡 > 𝑇), the system vibrations are 

governed by the delayed differential equation (7). To 

solve this equation and obtain the time response, the 

semi-discretization method is employed here. By 

defining the undamped natural frequency of the 

machine tool as 𝜔𝑛 = √𝑘𝑥/𝑚𝑥 and the damping ratio 

as 𝜁 = 𝑐𝑥/(2𝑚𝑥𝜔𝑛), (7) is rewritten as follows [6]: 

 

(10) 

𝑥̈ + 2𝜁𝜔𝑛𝑥̇ + 𝜔𝑛
2𝑥 =

𝜔𝑛
2

𝑘𝑥
𝐾𝑓𝑎ℎ0 

             −
𝜔𝑛

2

𝑘𝑥
𝐾𝑓𝑎[𝑥(𝑡) − 𝑥(𝑡 − 𝑇)],   (𝑡 > 𝑇) 

 

Equation (10) can be expressed in state space form 

as follows [6]: 

 

(11) 

𝑥1(𝑡) = 𝑥(𝑡),   𝑥2(𝑡) = 𝑥̇(𝑡),   𝑥̇1(𝑡) = 𝑥2(𝑡) 

𝑥̇2(𝑡) =
𝜔𝑛

2

𝑘𝑥
𝐾𝑓𝑎ℎ0 −

𝜔𝑛
2

𝑘𝑥
𝐾𝑓𝑎[𝑥1(𝑡) 

            −𝑥1(𝑡 − 𝑇)] − 𝜔𝑛
2𝑥1(𝑡) − 2𝜁𝜔𝑛𝑥2(𝑡) 

 

By expressing (11) in matrix form, the following 

relationship is obtained [6]: 

 

(12) 

𝑦̇(𝑡) = 𝐿𝑦(𝑡) + 𝑅𝑦(𝑡 − 𝑇) + 𝑓0, 

𝑦(𝑡) = {
𝑥1(𝑡)

𝑥2(𝑡)
} , 𝑦(𝑡 − 𝑇) = {

𝑥1(𝑡 − 𝑇)

𝑥2(𝑡 − 𝑇)
} 

𝐿 = [

0 1

−
𝜔𝑛

2

𝑘𝑥
(𝐾𝑓𝑎 + 𝑘𝑥) −2𝜁𝜔𝑛

] 

𝑅 = [

0 0
𝜔𝑛

2

𝑘𝑥
𝐾𝑓𝑎 0

] , 𝑓0 = {

0
𝜔𝑛

2

𝑘𝑥
𝐾𝑓𝑎ℎ0

} 

 

To solve the differential equation (12) using the 

semi-discretization method, the period 𝑇 is divided into 

𝑚 subdivisions, such that 𝑇 =  𝑚𝛥𝑡. Then the 

response of the system in the i-th subdivision is 

calculated as follows [6]: 

(13) 
𝑦𝑖+1 = 𝑒𝐿Δ𝑡𝑦𝑖 +

1

2
(𝑒𝐿Δ𝑡 − 𝐼)𝐿−1𝑅(𝑦𝑖−𝑚 

         +𝑦𝑖−𝑚+1) + (𝑒𝐿Δ𝑡 − 𝐼)𝐿−1𝑓0,   (𝑖 > 𝑚) 

where 𝐼 denotes the identity matrix. 

 

2.4. Calculation of the Vibrational Power and 

Energy of the System 

Given the time response 𝑥(𝑡) of the system under 

regenerative vibrations, the dynamic chip thickness 

ℎ(𝑡) and the force 𝐹ₓ(𝑡) applied to the workpiece can 

be calculated as follows: 

 

(14) ℎ(𝑡) = {

ℎ0

𝑇
𝑡 − 𝑥(𝑡),   0 ≤ 𝑡 ≤ 𝑇

ℎ0 − [𝑥(𝑡) − 𝑥(𝑡 − 𝑇)],   𝑡 > 𝑇
 

(15) 𝐹𝑓(𝑡) = 𝐾𝑓𝑎ℎ(𝑡) 

 

According to the definition of power, which is the 

dot product of force and velocity at the point of 

application, the power transmitted to the workpiece by 

the cutting force and the power dissipated by the 

system's damping can be calculated using the following 

equations: 

 

(16) 𝑃𝑓(𝑡) = 𝐹𝑓(𝑡)𝑥̇(𝑡) 

(17) 𝑃𝑐(𝑡) = −[𝑐𝑥𝑥̇(𝑡)]𝑥̇(𝑡) 

 

The negative sign in (17) is included to account for the 

fact that the damper force always acts in the opposite 

direction of the velocity. In fact, the negative sign 

represents the energy loss due to damping. The sum of 

the two powers, 𝑃𝑓(𝑡) and 𝑃𝑐(𝑡), represents the total 

power input to the system at any given instant: 

 

(18) 𝑃(𝑡) = 𝑃𝑓(𝑡) + 𝑃𝑐(𝑡) 

 

If the total power 𝑃(𝑡) is positive, it indicates 

energy injection into the system, while if it is negative, 

it indicates energy dissipation from the system. The 

total energy input to the system from time zero to time 

𝑡 can be obtained by integrating the power 𝑃(𝑡): 

 

(19) 𝐸(𝑡) = ∫ 𝑃(𝜏)𝑑𝜏
𝑡

0

 

 

Given that the values of 𝑥(𝑡) and 𝑥̇(𝑡) were calculated 

in a discrete manner in the previous section, numerical 

integration can be used to calculate the integral in (19). 

By examining the changes in the power calculated from 

(18) or the energy from (19), the stability state of the 

system can be determined. If the energy input to the 

system remains within a limited value over time, the 

system will remain in a stable state. However, if the 

energy input increases over time, the amplitude of the 

system's vibrations will also increase, leading to 

instability. 

 

3. Results and Discussion 
In the dynamic model of the process, the damper force 

always acts in the opposite direction to the mass 

motion, and its work is always negative, indicating 

energy loss from the system. Although the cutting force 

𝐹ₓ(𝑡) also acts in the positive direction, its work can be 

either positive or negative depending on the direction 
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of mass motion, and thus, it can serve as a factor for 

either injecting or extracting energy from the system. 

Therefore, in this section, the terms energy injection, 

energy extraction, and energy dissipation are used to 

refer to the positive work of the cutting force, the 

negative work of the cutting force, and the dissipated 

energy of the damper, respectively. Since the amplitude 

of mass vibrations at any given moment is influenced 

by the amount of system energy, the sum of the 

injected, extracted, and dissipated energies over time 

determines the stability of the system. Furthermore, 

given that there are no other energy injection or 

absorption factors in the system, the total energy from 

the moment the motion begins until any desired 

moment is equal to the energy of the entire system, that 

is, the sum of the kinetic and potential energies up to 

that point. In this section, using the vibration and shear 

parameters presented in Table 1, the results related to 

the system's power and energy are presented and 

discussed. 

 
Table 1. Vibration and shear parameters used in 

numerical simulations [7] 

𝐾𝑓 (𝑁/𝑚2) 𝑘𝑥 (𝑁/𝑚) 𝑐𝑥 (𝑁. 𝑠/𝑚) 𝑚𝑥 (𝑘𝑔) 

1384 × 106 6.48 × 106 145 0.561 

 

Figure 2 shows the changes in the power and energy 

of the system over time in the steady state condition. In 

this figure, the solid line represents the instantaneous 

changes, while the dashed line represents the average 

power and energy. It can be seen that during the first 

revolution of the workpiece, the instantaneous power 

fluctuates positively, and as a result, the system's 

energy, which is represented by the area under the 

power-time curve, increases during this round. 

Although the dissipated power of the damper is always 

negative, Figure 2(a) shows that in the first revolution, 

the power injected by the cutting force is consistently 

greater than the dissipated power of the damper. This 

injected power, which causes the upward increase in the 

systems energy, is actually stored as potential energy in 

the spring and causes it to deform until the system nears 

its equilibrium point. 

In the second revolution of the workpiece, the 

instantaneous power oscillates with both positive and 

negative amplitudes but maintains a positive average 

value. As a result, the system's energy increases slightly 

and oscillates. In this cycle, the energy injected into the 

system by the cutting force exceeds the sum of the 

energy extracted by the cutting force and the energy 

dissipated by the damper. 

In the third revolution, the instantaneous power 

oscillates around zero, with its amplitude remaining 

nearly constant. This indicates that, during this cycle, 

the total energy injected, extracted, and dissipated is 

balanced, and the system's energy remains at the same 

level, exhibiting oscillatory behavior with nearly 

constant amplitude. From the fourth revolution onward, 

the instantaneous power oscillates with an average 

value of zero, and its amplitude decreases 

exponentially. Similarly, the system's energy oscillates 

around its previous average value, with its amplitude 

diminishing over time until it stabilizes at a constant 

level. In fact, from the fourth revolution onward, the 

total energy dissipated and extracted exceeds the 

energy injected into the system. As energy is dissipated 

by the damper, the amplitude of the mass vibrations 

decreases, and the system eventually stabilizes at its 

equilibrium point. 

In Figure 3, the changes in power and energy are shown 

for the critically stable condition. While the behavior of 

the graphs during the first to third revolutions is similar 

to that of the stable condition, from the beginning of the 

fourth revolution onward, the instantaneous power 

oscillates with a constant amplitude around zero. As a 

result, the system's energy also oscillates around its 

average value with a constant amplitude. In this case, 

the sum of the energy injected into the system, extracted 

from it, and dissipated during one oscillation cycle is 

zero. This equal exchange of energy causes the system 

to oscillate with a constant amplitude around its 

equilibrium point. 

 

 
(a) 

 
(b) 

Figure 2. (a) Power changes over time with its 

average value, (b) Energy changes over time with 

its average value (stable with 𝜴ₛ =
 𝟏𝟎, 𝟎𝟎𝟎 𝒓𝒑𝒎, 𝒉₀ =  𝟎. 𝟐 𝒎𝒎, 𝒂 =  𝟎. 𝟓 𝒎𝒎) 
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(a) 

 
(b) 

Figure 3. (a) Power changes over time with its 

average value, (b) Energy changes over time with 

its average value (critically stable with 𝜴ₛ =
 𝟏𝟎, 𝟎𝟎𝟎 𝒓𝒑𝒎, 𝒉₀ =  𝟎. 𝟐 𝒎𝒎, 𝒂 =  𝟎. 𝟔𝟒𝟓 𝒎𝒎) 

 

In Figure 4, the changes in the power and energy of 

the system are shown for the unstable condition. As 

with the stable condition, the changes in the graphs 

during the first three revolutions are similar. However, 

from the fourth revolution onward, the instantaneous 

power oscillates with an increasing amplitude around 

zero, and the system's energy also oscillates around its 

average value with an increasing amplitude. In this 

case, the energy injected into the system exceeds the 

total energy extracted and dissipated during each cycle. 

This continuous increase in the system's energy causes 

the amplitude of vibrations to grow progressively, 

indicating an unstable condition. 

 

 
(a) 

 
(b) 

Figure 4. (a) Power changes over time with its 

average value, (b) Energy changes over time with 

its average value (unstable with 𝜴ₛ =
 𝟏𝟎, 𝟎𝟎𝟎 𝒓𝒑𝒎, 𝒉₀ =  𝟎. 𝟐 𝒎𝒎, 𝒂 =  𝟎. 𝟖 𝒎𝒎) 

 

4. Conclusions 

In this paper, the chatter phenomenon in the orthogonal 

cutting process was investigated and simulated using an 

energy-based approach. By employing a vibration 

model, the system dynamics were analyzed in detail 

across two stages: the first revolution of the workpiece 

and the subsequent revolution cycles. Using the time-

domain responses, the power and energy of the system, 

generated by the cutting force and dissipated by the 

damper, were calculated. An in-depth analysis of the 

vibration responses revealed that the system's behavior 

during the first three revolutions of the workpiece 

depends significantly on the interaction between the 

tool feed and the vibrations of the workpiece and is 

relatively unaffected by the cutting parameters. In 

subsequent revolution cycles, the changes in power and 

energy are influenced by the cutting parameters. 

In the stable condition, the instantaneous power 

oscillates with decreasing amplitude around zero, and 

the system energy converges to a constant value. At the 

critically stable condition, the instantaneous power 

oscillates with a constant amplitude around zero, with 

the system energy also displaying oscillatory behavior 

with a constant amplitude. In the unstable condition, the 

instantaneous power oscillates with increasing 

amplitude around zero, and the system energy exhibits 

oscillatory behavior with an increasing amplitude. 

These findings not only provide a deeper understanding 

of the dynamic behavior of the system and the vibration 

mechanism in the turning process but also demonstrate 

that accurate modeling and analysis of system behavior 

in the time domain, using an energy-based approach, 

can serve as an effective tool for simulating and 

predicting process stability under various conditions. 
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